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ABSTRACT 

Multi-species and ecosystem models have provided ecologist with an excellent opportunity 
to study the effects of multiple biotic interactions in an ecological system. Predation and 
mutualism are among the most prevalent biotic interactions in the multi-species system. 
Several ecological studies exist, but they are based on one-or two-species interactions, and in 
real life, multiple interactions are natural characteristics of a multi-species community. Here, 
we use a system of partial differential equations to study the combined effects of predation, 
mutualism and dispersal on the multi-species coexistence and community stability in the 
ecological system. Our results show that predation provided a defensive mechanism against 
the negative consequences of the multiple species interactions by reducing the net effect 
of competition. Predation is critical in the stability and coexistence of the multi-species 
community. The combined effects of predation and dispersal enhance the multiple species 
coexistence and persistence. Dispersal exerts a positive effect on the system by supporting 
multiple species coexistence and stability of community structures. Dispersal process also 

reduces the adverse effects associated with 
multiple species interactions. Additionally, 
mutualism induces oscillatory behaviour on 
the system through Hopf bifurcation. The 
roles of mutualism also support multiple 
species coexistence mechanisms (for some 
threshold values) by increasing the stable 
coexistence and the stable limit cycle 
regions. We discover that the stability and 
coexistence mechanisms are controlled by 
the transcritical and Hopf bifurcation that 
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occurs in this system. Most importantly, our results show the important influences of 
predation, mutualism and dispersal in the stability and coexistence of the multi-species 
communities.

Keywords: Dispersal, Hopf bifurcation, limit cycle, multi-species, stability, transcritical bifurcation 

INTRODUCTION 

The population dynamics of multi-species systems are substantially driven by interspecific 
interactions (Gause & Witt, 1935; Ojonubah & Mohd, 2020). There has been renewed 
interest in the role of predation in conservation (Soulé & Terborgh, 1999; Sala, 2006; 
Schmitz, 2006; Johnson et al., 2007). Several work on empirical and theoretical studies 
have addressed the effects of predation on the dynamics of the multi-species communities 
(Rosenzweig & MacArthur, 1963; Chesson, 2000). For instance, Hixon & Menge (1991) 
showed in their study that predation strength (i.e., rate at which the predator feeds on the 
prey) had a direct effect on the diversity of prey species. Predation in the multi-species 
community has been shown to preserve species coexistence when its effects are more 
prevalent than competitive interactions; on the other hand, predation can also lead to species 
exclusion (Chesson & Kuang, 2008). 

Recently, some researchers have shed some light on the dynamics of mutualistic 
interactions; (i.e., symbiotic interaction between two-species where each benefits from 
the other) (Bronstein, 2001a; Holland et al., 2002; Bever, 2003; Bruno et al., 2003). 
These studies of mutualism were carried out in one-or two-species system. In real life, 
multiple species interact in different ways. Some other studies on mutualism arrived at two 
generalisations (Holland et al., 2002); (i) the stability of the multi-species systems depends 
on how the positive feedback from mutualism is balanced with the negative feedback 
(Chesson, 2000; Bever, 2003); (ii) mutualism has direct cost and benefits that are dependent 
on density of populations (Addicott, 1979; Morales, 2000; Bronstein, 2001b). In reality, 
the maintenance of the ecosystem, ecological structure and biodiversity are well-known 
benefits that can be gained from mutualism (Aslan et al., 2013). Predation and mutualism are 
among important biotic interactions that occur in nature. The dynamics of these interactions 
are intertwined, and this has hampered the understanding of their combined effects in 
isolation (Fontaine et al., 2011; Georgelin & Loeuille, 2014). Moreover, information on 
the combined effects of predation, mutualism and dispersal on multi-species coexistence 
and community stability are poorly understood, and thus warrant further studies.

Predation and mutualism have a stabilising impact on the negative feedback when 
species population density is abundant (Holland et al., 2002; Schmitt & Holbrook, 2003; 
Holland & DeAngelis, 2010; Holland et al., 2013). An essential ecological question is 
what effects dispersal has on the interplay between predation and mutualism in a four-
species ecological system. To address this problem, we used a system of partial differential 
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equations (PDE) to gain insight on the combined effects of predation, mutualism, and 
dispersal in the ecological systems. In general, dispersal plays a vital role in conservation 
biology and spatial ecology (Hanski, 1998; Kindlmann & Burel, 2008; Kool et al., 2012). 
Dispersal facilitates the mobility of species to new environments (Bonte et al., 2003). Low 
dispersal strength has a synchronisation effect (i.e., variation in an ecological context and 
population dynamics) on large amplitude population cycles across space (Bjørnstad, 2000; 
Vasseur & Fox, 2009; Vogwill et al., 2009). The chances for dispersal-induced stability 
is low when the population cycle goes through spatial synchrony (i.e., the abundance of 
different geographical populations) (Yaari et al., 2012; Lampert & Hastings, 2016). Several 
studies have demonstrated how antagonistic interactions facilitate dispersal (Mondor et al., 
2004; Green, 2009; Poethke et al., 2010; Chaianunporn & Hovestadt, 2015; Amarasekare, 
2015). A well-known effect of antagonistic interaction is strong population cycles which 
consequencely lead to changes in species fitness (Green, 2009; Chaianunporn & Hovestadt, 
2012). 

Some studies also report that dispersal lessens the variability in species population 
and extinction (Briggs & Hoopes, 2004; Vogwill et al., 2009; Abbott, 2011). Nevertheless, 
there are conflicting evidence on how dispersal affects the multi-species communities. 
Varying abundances in species population in various geographical areas are one of the 
benefits derives from dispersal among local populations (Kendall et al., 2000; Abbott, 
2011). It has also been demonstrated that the effect of dispersal on the multi-species 
community could either be no effects, stabilising, or destabilising (Dey & Joshi, 2006; 
Steiner et al., 2013). A more recent study shows that dispersal could have both stabilising 
and destabilising effect on a multi-species ecological system (Mohd et al., 2018). Given 
all these different perspectives on predation, mutualism, and dispersal, it becomes crucial 
to investigate the combined effects of predation, mutualism and dispersal on the species 
coexistence and community stability in these multi-species systems. In general, the joint 
effects of predation, mutualism and dispersal on the multi-species communities are still 
unclear and need to be further explored.

To cover this knowledge gap, we extended the four-species interactions model (Mitani 
& Mougi, 2017) to investigate the effects of predation, mutualism, and dispersal. We 
numerically showed the impact of predation, mutualism and dispersal on the multiple 
species coexistence dynamics. Furthermore, we discussed the implications of our results 
from the perspectives of multiple species coexistence and community stability.

MATERIAL AND METHODS

Model Description

We proposed a system of PDE for the densities X(x, t), W(x, t), Y (x, t) and Z(x, t) in one-
dimension 0 ≤ x ≤ 1 (Equation 1) (Mitani & Mougi, 2017; Mohd et al., 2017):
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where X, W, Y, Z represent the population densities of resource, competitor, exploiter, and 
mutualist species, respectively. The parameter r k  is the rate at which the resource species 
grows; r w  is the rate at which the competitor species grows; r z  is the rate at which the 
mutualist species grows; α and β represent the strength of competition (i.e., resource 
and competitor species, respectively); a represents capture rate (i.e., the rate at which 
the exploiter species capture the prey). The term g represents the conversion efficiency; 
d represents exploiter species death; u and v represent the benefits from the mutualistic 
interactions (i.e., mutualistic strength of the resource and mutualist species, respectively); 
h x  and h z  represent the half-saturation constant of resource and mutualist species, 
respectively (i.e., density at which half the average intake of prey is achieved, irrespective of 
the prey population available). It is assumed that the self-regulation mechanism of mutualist 
species (net effect of a mutualist on the other mutualist species) is unity for theoretical 
simplicity. Equation 1 is a spatial extension of the multiple interactions type model (Mitani 
& Mougi, 2017). The system of ordinary differential equations (ODE) becomes systems 
of PDE with the addition of the diffusion term. The term D i  (i = 1, 2, 3, 4) represents the 
dispersal strength along spatial domain (x). We assumed equal dispersal strength for all the 
interacting species (D 1  = D 2  = D 3  = D 4 = 0.005). Also, we applied zero-flux boundary 
conditions for each of the interacting species (Equation 2) (i.e., no movement is allowed 
across the boundaries):
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To solve Equation 1 with the boundary conditions as in Equations 2, we used the method 
of line. This numerical approach was implemented in XPPAUT, which provides a good 
platform for solving PDE systems in one spatial variable x. The spatial domain was divided 
into meshes of M + 1 equivalent points of xi = ih for i = 0, 1,..., M (0 ≤ x ≤ 1). The central 
difference approximation was then employed to replace the spatial derivative in Equation 1. 
In this numerical method, the zero-flux boundary conditions were encoded into the scheme 
using finite difference approximation. The resulting transformation resulted in a 4(N+1) 
ODE scheme, one for each species at spatial location xi. The regular ODE solver, cvode, 
was used for solving the resulting ODE system for t = 1000 (i.e., until steady state). The 
size of the mesh used in the numerical simulation was h = 0.09. We had also used AUTO 
to continue the steady state, in which case we tracked the stable, unstable and bifurcation 
points that arose as the parameters changed in this ecological system. It was also verified 
that the numerical results were insensitive to changes in grid spacing (i.e., by increasing 
and decreasing the number of finite difference points).

RESULT

Effects of Predation on the Dynamics of ODE and PDE Models 

Here, we discuss the vital features of the system (1) in the absence of dispersal (D=0). 
The dynamical behaviour of the ODE model (in the absence of dispersal) is represented 

Table 1
Symbols, their definitions and the parameter values used for the numerical simulations

Symbol Definition Parameter value

rk The intrinsic growth rate of resource species                               1

rw The intrinsic growth rate of competitor species                           1

rz The intrinsic growth rate of the mutualist species                       1

u Maximum benefit of the mutualistic interaction                         3
v Maximum benefit of the mutualistic interaction                         2
a Capture rate                                                                                1.8
g Conversion efficiency of the exploiter species                          0.25
d Death rate of the exploiter                                                         0.05

hx Half saturation constant of the hyperbolic functional response           1

hz Half saturation constant of the hyperbolic functional response           1

β Competitive strength of the competitor species                          0.7
a Competitive strength of the resource species                             0.2
D Dispersal strength                                                                       0.005
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Figure 1. The time series of Equation 1 with D=0. Initial species density X(0) = 0.9, W(0) = 0.3, Y(0) = 0.2, 
Z(0) = 0.8. X (black), W (yellow), Y (red) and Z (green). The diagram was plotted using XPPAUT and the 
parameter values as in Table 1.

Figure 2. Stable limit cycle of Equation 1 with D=0. Initial species density X(0) = 0.9, W(0) = 0.3, Y(0) = 
0.2, Z(0) = 0.8. X (black), W (yellow), Y (red) and Z (green). The diagram was plotted using XPPAUT and 
the parameter values in Table 1.
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in Figures 1 and 2 using the parameter values as in Table 1. Figure 1 shows the oscillatory 
dynamics in this ecological system, which are crucial properties of multi-species 
interactions. This oscillatory behaviour arises due to the salient interplay of different 
biotic factors, i.e., resource-competitor-exploiter-mutualist interactions. Subsequently, all 
the steady state is unstable, and this leads to the emergence of a stable limit cycle (Figure 
2) in which case the species population densities oscillate between some maximum and 
minimum densities.  

Since we aimed to explore how predation and mutualism shape species coexistence 
and community stability, we carried out one-parameter bifurcation analysis using a 
and u (i.e., the strength of predation and mutualistic strength, respectively). For instance, 
Figure 3 illustrates the species population densities in the absence of dispersal as a varies. 
There occurred a threshold point (a=1.437) in this co-dimension one bifurcation (Figure 
3) conforming to Hopf bifurcation (i.e., HB). This Hopf bifurcation gave births to the 
oscillatory behaviour in the ecological Equation 1. Thus, the strength of predation directly 
affects the coexistence of multiple species and the stability of community structures in 
this multiple interaction type system. As an example, when a < HB, a four-species steady-
state emerged and when a > HB, stable limit cycle occurred. The transition from a four-
species steady-state to a stable limit cycle occurred at the Hopf bifurcation point. Further, 
since the first Lyapunov coefficient was negative, this implies that the Hopf bifurcation is 
supercritical, and the limit cycle is of stable type (Figure 3).

The inclusion of dispersal qualitatively changes the dynamics of this multiple 
interactions type system. There occurred a critical value (a=0.4759) corresponding to a 
transcritical bifurcation (i.e., BP) as the parameter a changed in the system (Figure 4). At 

Figure 3. Bifurcation diagram showing the stability behaviour of the system as we vary a. D = 0. The diagram 
was plotted using XPPAUT package and the parameter values in Table 1.
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Figure 4. Bifurcation diagram showing the stability behaviour of the system as we vary a. D = 0.005. The 
diagram was plotted using XPPAUT package and the parameter values in Table 1.

this transcritical bifurcation point, we observed the exchange of stability between steady-
states (i.e., from three-species steady-state to four-species steady-state). The emergence of 
transcritical bifurcation affected species coexistence and community stability mechanisms 
of this ecological system. We discovered three-species steady-state (i.e., when a < BP) 
and four-species steady-state (i.e., when a > BP) as a changed in the presence of dispersal 
(Figure 4). We also observed that weak predation strength interacted with dispersal affecting 
species persistence (i.e., a species goes extinct) in this multiple interactions type system. 
However, for the broader region of a (a > BP), the species persistence was maintained 
as four-species steady-state occurred. Most importantly, this observation suggested that 
intense predation in the presence of dispersal supported multi-species coexistence in this 
ecological system. By comparing Figures 3 and 4, we observed an apparent qualitative 
change in the dynamics of the multiple interactions type system. Oscillatory behaviour 
dominated the dynamics of the ecological system without dispersal (Figure 3) and multi-
species coexistence steady state dominated in the presence of dispersal (Figure 4). This 
result illustrates that dispersal promotes coexistence of multiple species through the 
occurrence of stable steady-states and also limit cycles.

Effects of Mutualism on the Dynamics of ODE and PDE Models 

We first studied the effects of mutualism in the ODE system. Figure 5 shows the dynamics 
of the ecological system in the absence of dispersal as u changes. There emerged a critical 
bifurcation point as the parameter u (i.e., at u=2.741) varied, and this point corresponded to 
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supercritical Hopf bifurcation (i.e., HB). The supercritical Hopf bifurcation affects species 
coexistence and community stability in this multiple interaction type model. For example, 
there occurred a four-species steady-state when u < HB, and stable limit cycles when u > 
HB. The first Lyapunov coefficient at the Hopf bifurcation point was negative; thus, this 
confirms that the Hopf bifurcation is supercritical and the limit cycle that emerges is stable.

In the presence of dispersal, the PDE model exhibited qualitatively similar dynamics 
compared to no dispersal case (Figure 6). There existed a bifurcation point that corresponded 
to a supercritical Hopf bifurcation (i.e., at u=2.865). The Hopf bifurcation affected multi-
species composition (i.e., presence-absence of species) as u changed. The first Lyapunov 
coefficient was negative, and this indicates that the limit cycle is stable. These species 
compositions include: (i) a four-species steady-state (i.e., u < HB); (ii) stable limit cycles 
(i.e., u > HB). We further compared the result in Figures 5 and 6. We discovered a qualitative 
similar effect of dispersal which determined coexistence dynamics of this ecological system. 
The inclusion of dispersal shifted the threshold of mutualistic interaction strength to higher 
values (i.e., from u=2.741 to u=2.865), thus multi-species coexistence outcomes could be 
observed for more values of u. Overall, in the presence of dispersal, mutualism enhances 
species coexistence and community stability, compared to no-dispersal case.

We investigated the joint effects of predation and mutualism on the species coexistence 
and community stability by conducting a co-dimension two bifurcation analysis, as 
shown in Figures 7 and 8. Figure 7 depicts the effects of varying a and u in the absence of 
dispersal (i.e., D=0 in the Equation 1). We observed species compositions as follows: (i) 

Figure 5. Bifurcation diagram showing the stability behaviour of the system as we vary u. D = 0. The diagram 
was plotted using XPPAUT package and the parameter values in Table 1.
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four-species stable coexistence region (ii) stable limit cycles (four-species unstable) region. 
In the presence of dispersal (Figure 8), we had three-species stable coexistence region, 
four-species stable coexistence region and stable limit cycle region. Most importantly, by 
comparing Figures 7 and 8, we discovered that predation, mutualism, and dispersal mediate 
more species coexistence outcomes compared to no-dispersal case.

Figure 7. Bifurcation diagram showing the different coexistence dynamics in the system with no-dispersal 
(D=0) as a and u are varied. D = 0. The diagram was plotted using XPPAUT package and the parameter values 
as in Table 1.

Figure 6. Bifurcation diagram showing the stability behaviour of the system as we vary u. D = 0.005. The 
diagram was plotted using XPPAUT package and the parameter values in Table 1.
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Figure 8. Bifurcation diagram showing the different coexistence dynamics in the PDE system (1) with D=0.005 
as a and u were varied. The diagram was plotted using XPPAUT package and the parameter values as in Table 1.

DISCUSSION AND CONCLUSION

Our numerical simulation results show that the effects of predation, mutualism, and 
dispersal in the presence of other biotic interactions can affect the community stability and 
stable coexistence of species in this ecological system. Predation supports the community 
stability of multiple species in the systems (Caro & Stoner, 2003). A significant ecological 
benefit of predation is that it promotes the spatial and structural diversity of species in the 
ecosystem (Carter et al., 2015; Swanson et al., 2016). Fundamentally, our results show 
that weak predation strength in a multiple interactions type system affects species diversity 
negatively in the presence of dispersal. Specifically, weak predation endangers the exploiter 
species in these multiple species model. Although moderate and intense predation strength 
supports the stable coexistence and stability of multiple species in this ecological system, 
there are some conflicting reports on the effects of predation from experimental studies 
(Cheng et al., 2018; Quinn et al., 2016). We observed that there was a gradual reduction 
in the equilibrium population densities of the interacting species as the predation strength 
continued to increase in the absence of dispersal. However, predation can provide a buffer 
against extinction in the presence of dispersal, even when the interactions are intense. In 
general, our results show that predation coupled with dispersal in the multiple interactions 
type model are crucial for species coexistence and persistence. 

Mutualism has dual effects on the stability and stable coexistence of the multiple species 
community. Our results show that for some threshold values of u, multiple species stability 
and persistence can be preserved. For other values of mutualistic strength, the system 
exhibits oscillatory behaviour. These dual effects of mutualism shown in our results have 
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been reported in several studies (Kooi et al., 2004; Valdovinos et al., 2016; Valdovinos et 
al., 2018; Addicott, 1998; Herrera, 1998; Parker, 1999). Overall, our results provide insights 
into the significance of mutualism in the understanding of the natural world. We caution that 
there is a high probability of extinction of species in the occurrence of stable limit cycles 
as population density continues to fluctuate between some maximum to minimum densities 
which are close to zero (Mohd, 2019). In contrast to our finding, earlier studies carried out 
by Rosenzweig (1971) and Wright (1989) reported that mutualism had no impacts on the 
diversity of species in an ecological system. From the conservation viewpoint, mutualism 
supports multiple species coexistence for some critical values in this ecological system. 
This finding is in agreement with the reports that mutualism supports species richness 
(Pascual-García & Bastolla, 2017; Chomicki et al., 2019; Bascompte, 2019; Martignoni 
et al., In Press).

The results in this work also show that dispersal has a qualitative effect on these 
multiple interactions type model. Dispersal increases the initial amplitude of oscillation 
in the ecological system. This result is in contrast with the report of (Laan & Fox, 2019) 
which observed that dispersal had no effect on the amplitude of oscillation in a multiple 
interactions type system. The positive effects of dispersal on these multiple interactions 
type system support the persistence and coexistence mechanisms of species (Kot et al., 
1996; Kerr et al., 2002; Mohd et al., 2018). An exciting consequence of dispersal is that 
it increases the extent of geographical areas for interacting species, and this supports the 
notion of biodiversity of species (Godsoe et al., 2015; Dytham, 2009). The occurrence of 
oscillatory behaviour in this system suggests that there are other mechanisms outside the 
paradox of enrichment that drive population cycle (Rozhnova et al., 2013; Barraquand et 
al., 2017).

The bifurcation results in this work have demonstrated the role of bifurcation analysis 
in understanding the coexistence and stability behaviour of a multi-species community. 
Specifically, our bifurcation result shows the dynamics that occur in this ecological system 
and the threshold values at which they occur. Furthermore, the bifurcation results illustrate 
the presence of transcritical and Hopf bifurcation as we vary a and u, respectively. The 
transcritical bifurcation affects the extinction and survival of the exploiter species from the 
system as a result of stability change, and the Hopf bifurcation causes a transition from a 
stable steady-state to limit cycles with increasing amplitude over time. These two dynamics 
have shed some light on the possible outcomes of multiple interactions type system. In 
particular, our results show that predation, mutualism and dispersal are essential forces 
that determine the stability and coexistence of multiple species. 

In conclusion, the numerical simulations result in this study shows the influential roles 
of predation, mutualism and dispersal in the maintenance of the multi-species ecological 
systems. The results in this work will serve as valuable reference material for species 
conservationists and managers in maintaining the biodiversity of species. 
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